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ABSTRACT 

The objective of this paper is twofold: (i) to survey existing results of generalized polynomials 
on time scales, covering definitions and properties for both delta and nabla derivatives; (ii) 
to extend previous results by using the more general notion of diamond- alpha derivative on 
time scales. We introduce a new notion of combined- polynomial series on a time scale, as a 
convex linear combination of delta and nabla generalized series. Main results are formulated 
for homogenous time scales. As an example, we compute diamond-alpha derivatives on time 
scales for delta and nabla exponential functions. 
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1 Introduction 

Polynomial series are of great importance in control theory. Both continuous and discrete 
polynomial series are useful in approximating state and/or control variables, in modal reduc- 
tion, optimal control, and system identification, providing effective and efficient computational 
methods 0CG1CEI]. 

From recent years, the theory of control for discrete and continuous time is being unified and 
extended by using the formalism of time scales: see 0] and references therein. Looking to 
the literature on time scales, one understands that such unification and extension is not unique. 
Two main directions are being followed: one uses A-derivatives while the other chooses V- 
derivatives instead. In this paper we adopt the more general notion of diamond-a derivative 
|16| . and give the first steps on a correspondent theory of polynomial series. As particular cases, 
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for a = 1 we get A-polynomial series; when a = we obtain V-series. By choosing the time 
scale to be the real (integer) numbers, we obtain the classical continuous (discrete) polynomial 
series. 

Diamond-alpha derivatives have shown in computational experiments to provide efficient and 
balanced approximation formulas, leading to the design of more reliable numerical methods 
|13|, I16j. We claim that the combined dynamic polynomial series here introduced are useful in 
control applications. 

2 The A, V, and <> Q calculus 

Here we give only very short introduction (with basic definitions) on three types of calculus on 
time scales. For more information we refer the reader to [TJ [2j EJ [TT1 [T5| 116]. 
By a time scale, here denoted by T, we mean a nonempty closed subset of R. As the theory 
of time scales give a way to unify continuous and discrete analysis, the standard cases of time 
scales are T = R, T = Z, or T = cZ, c > 0. 

For t £ T, the forward jump operator a and the graininess function p are defined by a(t) = 
inf{s € T : s > t} and cr(supT) = supT if supT < +oo; p(t) = a(t) — t. Moreover, we have 
the backward operator p and the backward graininess function u defined by p(t) = sup{s 6 
T : s < t} and pivcd T) = inf T if inf T > — oo; u(t) = t — p(t). In the continuous-time case, 
i.e. when T = R, we have a(t) = p(t) = t and p{t) = v{t) = for all t e R. In the discrete- 
time case, a(t) = t + 1, p(t) = t — 1, and p(t) = v(t) = 1 for each t € T = Z. For the 
composition between a function / : T — > R and functions a : T — > T and p : T — > T, we 
use the abbreviations f a (t) = f(a(t)) and f p (t) = f(p(t)). A point t is called left-scattered 
(right-scattered) if p(t) < t, (cr(t) > t). A point t is called left-dense (right-dense) if p(t) = t, 
(a(t) = t). The set T k is defined by T k := T\(p(supT),supT] if supT < oo, and T fc = T if 
supT = oo; the set by := T\[inf T, <r(inf T)) if | inf T| < oo, and = T if infT = — oo. 
Moreover, T fcn+1 := (T kn ) k , T fc n+i := (T fe n) fc and := T fe n T fc . 

For a function / : T — > R, we define the A-derivative of / at t & T k , denoted by f A (t), to be 
the number, if it exists, with the property that for all e > 0, exists a neighborhood U C T of 
t e T k such that for all seU, \f a (t) - f(s) - f A (t)(a(t) - s)\ < e\a(t) - s\. Function / is said 
to be A-differentiable on T k provided f^(t) exists for all t G T k . 

The V-derivative of /, denoted by / v (t), is defined in a similar way: it is the number, if it 
exists, such that for all e > there is a neighborhood V C T of t € T/% such that for all s € V, 
\f p (t) - f(s) - f v (t)(p(t) - s)\ < e\p(t) - s\. Function / is said to be V-differentiable on T fc 
provided / v (i) exists for all t € TV 

Example 2.1. The classical settings are obtained choosing T = R and T = Z: 

1. Let T = R. Then, f A (t) = / v (t) = f'(t) and / is A and V differentiable if and only if it 
is differentiable in the ordinary sense. 

2. Let T = cZ, c > 0. Then, f A (t) = /(t+c ^~ /(f) and f v (t) = \ (f(t) - f(t - c)) always 
exist. 

It is possible to establish some relationships between A and V derivatives. 
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Theorem 2.2. [6] (a ) Assume that f : T — > R is delta differentiable on T k . Then, f is nabla 
differentiate at t and / v (i) = f A (p(t)) for all t G such that a(p(t)) = t. (b) Assume that 
f : T — > R is nabla differentiable on TV Then, f is delta differentiable at t and f A (t) = f^(a(t)) 
for all t G T fc such that p(cr(t)) = t. 

A function / : T— >R is called rd-continuous provided it is continuous at right-dense points in T 
and its left-sided limits exist (finite) at left-dense points in T. The class of real rd-continuous 
functions defined on a time scale T is denoted by C r d(T, R). 

If / € C r( i(T,R), then there exists a function F(t) such that F A (t) = f(t). The delta-integral 
is defined by f(t)At = F(b) - F(a). 

Similarly, a function / : T^R is called ld-continuous provided it is continuous at left-dense 
points in T and its right-sided limits exist (finite) at right-dense points in T. The class of real 
ld-continuous functions defined on a time scale T is denoted by Cw(T, R). If / € C^(T,R), 
then there exists a function G(t) such that G v (i) = f(t). In this case we define / a /(t)Vt = 
G(b) - G(a). 

Example 2.3. Let T = cZ, c > 0, and / G C rd (T,R) n C W (T,R). Then, one has: jJ/(t)At = 
cZt=af(t), J b a f(t)Vt = cEU/(t). 

Definition 2.1. [13] Let = o~(t) — s, rjt s = p(t) — s, and / : T — * R. The diamond-alpha 
derivative of / at t is defined to be the value f^ a (t), if it exists, such that for all e > there is 
a neighborhood [/ C T of t such that for all s € U, 

« LT(*) - /(*)] % + (1 - a) [/'(*) - /(s)] ^ - /0«(t)^7? ts | < e\p tsVts \ . 

We say that function / is Oa-differentiable on T$, provided f^ a (t) exists for all t G T£. 

Theorem 2.4. Jiffi Lei / : T — > R 6e simultaneously A and V differentiable at t G T|. Then, 
f is Oa- differentiable at t and /^ Q (t) = a/ A (t) + (1 - a)f v (t), a G [0, 1]. 

Remark 2.1. The <0> a -derivative is a convex combination of delta and nabla derivatives. It 
reduces to the A-derivative for a = 1 and to the V-derivative for a = 0. The case a = 0.5 has 
proved to be very useful in applications. For more on the theory of ^-derivatives than that 
we are able to provide here, we refer the interested reader to [11| [T3"l [T3| 116]. 
The same idea used to define the combined derivative is taken to define the combined integral. 

Definition 2.2. Let a, b G T and / G C rd (T,R) n C W (T,R). Then, the Q -integral of / is 
defined by f Q 6 f(r)O a r = a f* /(r)Ar + (1 - a) £ /(r)Vr, where a G [0, 1]. 

In general the <0 a -derivative of f f(r){} a T with respect to i is not equal to f(t) [TS] . 
Next proposition gives direct formulas for the Q -derivative of the exponential functions e p (-, to) 
and e p (-,to). For the definition of exponential and trigonometric functions on time scales see, 
e.g., [6]. 

Proposition 2.5. LetT be a time scale with the following properties: a(p(t)) = t, and p(o~(t)) = 
t. Assume that to G T and for all t G T one has 1 + p(t)p(t) ^ 0, and 1 — u{t)p{t) ^ 0. Then, 

[1 - a)pP{t) 



e£ Q (t,to) 
e£-(Mo) = 



ap(i) + 



(1 - a)p(t) + 



1 + u(t)pP(t) 
ap a (t) 



1 - p(t)p°(t) 



e P (Mo), (2.1) 
ep(t,to), (2-2) 
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forte T k k . 

Proof. Firstly, recall that f a = f + /i/ A and f p = f- vf. Hence, ej(t,t ) = pP(t)4(t,t ) = 
p p (t) (e p (t,t ) - v(t)eJ(t,to)), and then e%(t,t ) = 1+p p^ u ^ e p (t, t ), from where it follows 
(pTl) . Similarly, we have that e p {t,t ) = p a (t)e°(t,t ) = p a (t) (e p (t, t ) + fi{t)e£ (t, t )) , and 



then (Mo) = fz^Mj^m e p (Mo), from where ([272]) holds. □ 

Corollary 2.6. Let t, t G T, p(t) = p, and 1 - v 2 (t)p 2 / for all t G T. ITien, /or t G T*, 

(a) sin^Mo) = T qJ^((l + ai/V)cos p (i,i ) +(1 - a)z^sin p (t, t )),- 
ft) cos^Mo) = r^z((l + av 2 p 2 ) sm p (t,t ) -(1 - a)vpcos p (t, to)); 

(c) sinhp^Mo) = i_^ p2 ((l - Q!^V)coshp(t,to) -(1 - a)^psinh p (t, to)); 

(d) cosh^Mo) = -QiZ/V)sinhp(t,to) -(1 - a)^pcosh p (t, t ))- 

Corollary 2.7. Zet i G T, p(t) = p, and 1 - fi 2 (t)p 2 ^ /or a// t G T. T/ien, /or t G T|, 
(V ship" (Mo) = T+^((! + (1 ~ a)^ 2 p 2 )cos p {t,t ) -afipsm p (t,t )); 

(b) cos^Mo) = ((1 + (1 - a)/x 2 p 2 )sm p (Mo) +a/ipcos p (t, to)); 
(cj sinh^Mo) = x_^p2 (C 1 ~ (1 ~ aVV)cosh p (i, t ) +afj,psmh p (t,t )); 
(d) cosh„"(Mo) = i_»2 p a ((1 - (1 - a)/iV)smh p (t, t ) +a/ipcosh p (i, i )). 



3 Generalized monomials and polynomial series 

Let T be an arbitrary time scale. Let us define recursively functions h k :TxT->M,fcG NU{0}, 
as follows: ^ 

MMo) = l, h k+ i(t,t ) = hk(r,to)AT. 

Similarly, we consider the monomials h k (-,to): they are the functions h k : TxT — > M, /c G NU{0}, 
defined recursively by 



fr (Mo) = l, h k+ i(t,t ) = h k (T,t )VT 

Jt 



All functions /ifc are rd-continuous, all h k are ld-continuous. The derivatives of such functions 
show nice properties: /i^(Mo) = h k -i(t,to), t G T fc ; and h%(t,to) = h k -i(t,to), t G T k , where 
to G T and derivatives are taken with respect to t. We have that 

hi(t,to) = /ti(Mo) =t-t , t,t eT. 

For T = R, h k (t,to) = h k (t,to) = • Finding exact formulas of h k or h k for an arbitrary 

time scale is, however, not easy. From [?] we have the following result: 

Theorem 3.1. Lett G T k DT k andt G T fe '\ Then, h k {t,t ) = (-l) k h k (t ,t) for all k G NU{0}. 

Next proposition gives explicit formulas for homogenous time scales with fj,(t) = c, c a strictly 
positive constant. For that we need two notations of factorial functions: for k > 1 we define 
t* = t(t - 1) • • • (t - k + 1) and t 1 = t(t + 1) • • • (t + k - 1) with *fl := 1 and t° := 1. 
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Proposition 3.2. Let c > and T = cZ. For A; G N U {0} t/ie following equalities hold: 
(a) h k (t,t ) = c k (~f) = c 



k\ ' 



(b) h k (t,to) 



k\ 



Proof. Firstly, ho(t,to) = ho{t,to) = 1. Next we observe that h^ +1 (t,to) = c 



a(t) — t Q t— t n 



= ° k ( ( fe+l ) — (fc)J =c ' C (fc) = ^fc(^o)- Hence, by the principle of mathematical 
induction, (a) holds for all G N U {0}. Since h k {t,to) = (—l) k hk(to,t), (b) is also true. □ 

Remark 3.1. Let T = cZ, c > 0. From the properties of factorial functions it follows: 

1. if t > t A k > ^ + 1, then /i fc (i, t ) = 0; 

2. if t < t A > + 1, then fc fc (i, to) = 0. 
In particular, when c = 1 and T = Z, we have: 

1. if f > t A k > t-t , then fr fc (i, i ) = 0; 

2. if t < to A fc > \t — t \, then h k (t,t ) = 0. 
In the next section we need the following results. 

Remark 3.2. Let T = cZ, c > 0, and i £ T. Then, for k G N U {0}, the following holds: 

(a) != = t - k, t < k; 

(b) ^ = t + k, t>-k. 



Proposition 3.3. Let T = cZ, c > 0, t,to G T. Then, 

h k (t,t ) 



(a) lim 

k— >oo 



(b) lim 



fcfc+i(Mo) 

h k (t,t ) 



c /or t < t ; 
c /or t > to. 



Proof. Let T = cZ, c > 0, and t, t G T. For t < t , it is enough to notice that ^+1^0) = f -^_- cfc 
to prove (a). Equality (b) is proved in a similar way: for t > to, we have: hk + 1 ^ t,t[ ^ = *~*°+ cfc , □ 

Remark 3.3. [2] Let t G T fc " and G N U {0}. Then, 



j=0 



(3.1) 



for T fc n T fc . 

As a consequence of (13.ip and equalities f a = f + /i/ A and f p = f — ^/ V , the following laws of 
differentiation of generalized monomials follow. 

Corollary 3.4. 

(a) [h k+1 (t,t )] v = £* =0 (-l) J V(*)%-j(Mo); 
r- i A k ■ - 

(b) h k+1 (t,t ) = 52 j=0 Li 3 (t)hk-j(t,t )- 
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Example 3.5. Let T be an homogenous time scale with fj,(t) = u(t) = c = const., c > 0. Let 
us recall that for c = we have T = R and for c = 1 we have T = Z. Then, [hk+i(t, to)] V = 



A 



For T = R: [h k+1 (t, t )] V = [/i fc+ l(Mo,j - — jg— , 

for T = Z: [fc fc+1 (t, t )] V = £* =0 (-l)^ fe -,(Mo) = (%*°) - Cl* ) + "" + ("^(V). and 
i A k " 

%+i(Mo) = Ej=o hk-j{t> to)- 

Proposition 3.6. Let t,to G T. Then, 

(a) hf a (t,t ) = hf<*(t,t ) = I; 

(b) hfafato) = h k (t,t ) + (l-^E^iC-iy^W^-i^to); 

(cj h^x&to) = h k (t,t ) + aJ2 k j= i V J {t)hk-j(t,t ). 

Proof. From the definition of Oa-derivative and Corollary 13.41 we have: 

ht+i(t,to) = ah^ +1 (t,to) + (l-a)h^ +1 (t,^) = ah k (t,t ) + (l = 
h k (t,to) + (1 - a)£^i(-l)M^-i(Mo). 

Next, hfafato) = ah^ +1 (t,t ) + (l-a)hj +1 (t,t ) = aJ2*= » j (t)h k -j(t,t ) + (l-a)h k {t,t ) = 
h k (t,t ) + aJ2j=i ^ (ty h k-j(t,t ). □ 

Theorem 3.7. [7J Assume that f is n + 1 delta- differentiable on T* n . Lei to € T fc " ; i 6 T. 
Then, 

n 

fit) = f Ak (t )h k (t, t ) + Rn(t, t ), (3.2) 

k=0 

where R n (t,t ) = j£ / A " +1 ( T )M*> <x(r))Ar. 

Theorem 3.8. [2] Assume that f is n + 1 times nabla differentiable on T k n+i. Let to G Ifcn, 
i £ T. Then, 

n 

f(t) = ^2f vk (to)h k (t,to)+R n (t,t ), (3.3) 

fc=0 

w/iere A.(t,t ) = j£ / v " +1 (r)/i n (t, p(r))Vr. 

By a polynomial real series we usually understand a series of the form S^ =0 afcPfc(t), where 
(-Pfc(t))neN is a given sequence of polynomials in the variable t and (a k ) k ^ is a given sequence 
of real numbers. In the continuous case one has P k (t) = - rr • For the time scales we are 
considering in this paper, we have P k (t) = h k (t,to) or P k (t) = h k (t,to), and we speak about 
generalized power series on time scales [S], I5| HP]. 

Definition 3.1. Let T be a time scale and let us fix to G T. By a /S.-polynomial series (on T, 
originated at to) we shall mean the expression Ea^=o a k^ l k(t, to), t G T; by a V -polynomial series 
(on T, originated at to) we mean Y^k X> =o a khk(t,to), t £ T, where for each k G N, a k G R- The 
sequence (a n ) nS N is called the corresponding sequence of the series. 

Remark 3.4. For any fixed t, to G T, both type of series become ordinary number series. If they 
are convergent for t we say that the polynomial series is convergent at t. 
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If T = Z, then for each t* G Z, f* > to> the number series a khk(t*, to) is convergent 

because it is finite. The same situation we have when t* < to: Ylfc=o a khk(t*, to) is finite, so 
convergent. 

In [5] and [9] it is proved the following: 

Proposition 3.9. Let to £ T. If the power series ^ ay. fc! with the corresponding sequence 

of coefficients (ak)ken is convergent at t* £ T and t* > to, then the polynomial series is 
convergent for all values of t £T such that to < t < t* £ T. 

Two polynomial series of the same type can be added and multiplied by scalars giving the same 
type of series. We can define the A-derivative of A-polynomial series: (X^fcLo a khk(t, to)) A = 
Ylk X3 =o a k+i^ l k(t,to). Similarly, we have the V-derivative of V-polynomial series in the form 

{^2^=0 a khk(t, to)) = Y2k Xy =o a k+ihk(t,to). Additionally, if the A-polynomial series is conver- 
gent for t £ (to, t*) PlT and if the V-polynomial series is convergent for t £ (t* , to) (IT, then their 
derivatives are also convergent on the same sets. From Corollary 13.41 we obtain the following 
result. 

Proposition 3.10. Let to £ T, M > 0, and (ojfc)fceNu{o} ^ e a sequence such that |ofe| < M k for 
each k. We have: 

(a) Let I = {t £ T : p(t) > to A v{t)M < 1}. Then, the series Yl'k ) =o a k^k(t 1 to) is convergent 
for t £ I, and (YlT=o a khk(t, *o)) V = EfcLo (Ej^o(~ 1 ) J i^j+k+l) %(Mo) exists and it is 
convergent for t £ I. 

(b) Let J = {t £ T : o~(t) < to A fj,(t)M < 1}. Then, the series Y2 ( k=o a k^ l k(t,to) is convergent for 

t£ J, and (Y^Lq a^hkit, to)j = X^fcLo (X^lo $ '(*) a j+fe+l J ^fc(Mo) exists and it is convergent 
for t £ J. 

Remark 3.5. Let T = cZ, c > 0. There is no problem with convergence (i) in points t > to for 
series of the first type, (ii) at points t < to for series of the second ("hat") type, because such 
series are finite. 

In [3] and [S] one can find generalized series for an exponential e p (t,to) with constant function 
p(t) = p: for t £ T and t > to one has e p (t,to) = ^2'^=oP k ^k(t,to)- It follows that e p (t, to) = 
PEr=o^^(Mo), which gives the rule efi(t,t ) = pe p (t,t ). 
As in Proposition 12.51 let us consider now a time scale with a(p(t)) = t. Then, 

00/00 \ 

<(Mo) = $> fc+1 EC-l^W M*>*o)> (3.4) 
k=0 \i=o / 

where ^f = o(-l) j v j (tfp* = 1+pu ( t ) if < 1- This gives that 

00 

e p (Mo) = i+p^ E^C'* ) = i+ P P u(t) ep ^ to) ' (3 - 5) 

and then e^ a (t,to) is as in Proposition 12.51 

In [10] it is proved that e p (t,to) = Ylk } =oP k ^ l k(t,to) for t > to- Then, we have that e p (t,to) = 
pe p (t,to)- We obtain that the A-derivative of e p (-,to) with respect to t is given by the formula 
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e*(Mo) = EZoP k+1 (££oA*WJ MMo), where ££o/*W = iz^y if < 1- 

This gives that e£(t,t ) = pj^) YlkLoP k hk(t,t ) = iz§jj^ e p (t,t ) and then e$ a (t,t ) is also 
as in Proposition 12.51 



4 Combined series 

The diamond-a derivative reduces to the standard A derivative for a = 1 and to the standard 
V derivative for a = 0. The same "weighted" type definition is proposed for the diamond-a 
integral. Based on this simple idea, we introduce diamond type monomials. Let us begin with 
the trivial remark that for any / : T -> 1 we can write f(t) = af(t) + (1 — a)f(t). 

Theorem 4.1. Assume that f is n + 1 delta- and nabla-differentiable on T fc ™ +1 and T^n+i, 
respectively. Let to € T^n n T k " , t £ T. Then, 

f(t) = aS n (t, t ) + (1 - a)S n (t, to) + R n (t, t ), 

where S n (t,t ) = J2k=o / A (*o)^Jfc(*, *o) , S n (t, t ) = E£=o / V (*o)MMo) , and R n (t,t ) = 
aR n (t,to) + (1 — a)R n (t,to) , with remainders R n (t,to) and R n (t,to) given as in Theorems^ 
and 

Definition 4.1. Let T be a time scale and to € T. By a combined-polynomial series (on T, 
originated at to ) we shall mean the expression 

oo oo 

S a {t, t ) -=a^2 a k h k{t, t ) + (1 - a) ^2 hhk(t, to), (4.1) 
fc=0 fc=o 

where t € T and a 6 [0, 1]. 

Remark 4.1. If in (|4.ip we put a = 1, then we have a A-polynomial series. For a = we 
obtain V-polynomial series. A combined-series is convergent if both types of polynomial series 
are convergent. For fixed t, to € T we get usual number series, so we can say that the series 
originated at to is convergent at t if it is convergent as a number series. 

Proposition 4.2. Let T = cL, c > 0, and (ao,a\, . . .), (po,bi, . . .) be two real sequences with 
nonzero elements such that lim p*±l < I \[ m %±i < I. Then, the combined-polynomial 
series 

oo oo 

S a (t, t ) = a^2 a khk(t, to) + (1 - a) ^ fefcMi, *o) > 

k=0 k=0 

a S [0, 1], is convergent for all t S T. 

Proof. Based on Proposition 13.31 we consider: t = to, when combined-series S a (to, to) = ««o + 
(1 — a)bo; t > to, when the first part is finite the second is convergent; t < to, when we have 
opposite situation to the previous one. □ 

Example 4.3. Let T = Z and /(t) = 2*. Then, f Ak (t) = 2* and / Afe (0) = 1 for k € N U {0}. 
Additionally, 2* = Ek= hk(t,0) = ELo (*) for any t > 0. But this series is not convergent for 
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t < 0. We have f v " (t) = 2 f ~ k and / yfc (0) = 2~ k . The series J2T=o ^h k (t,0) is convergent for 
any t £ Z. For that let c k (t) = ^h k (t, 0) = ^y. Then, 

,. c fc+iW ,. (t+l)(t + 2) ■••(< + *:) 2 fc fc! A; + i 1 

iim -— = iim :— : r~r ; — : ; = lim — — = - 

fe->oo cfc(t) fc-oo 2 fe + 1 (fc + l)! t(t + + 2) - ■ ■ (t + fe — 1) fc^oo 2(fc + l)t 2 

for each fixed t > 0. The combined-polynomial series has the form a ^fclo H~Kl — a ) SfcLo 2^11 
and is convergent for t > 0. 

5 Conclusions 

Polynomial series have been used in the literature for solving a variety of problems in control. In 
this paper we define Taylor series via diamond-alpha derivatives on time scales and provide the 
first steps on the correspondent theory. Such a theory provides a general framework that is valid 
for discrete, continuous or hybrid series. We trust that the polynomial series here introduced 
are important in the analysis of control systems on time scales. 
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